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Abstract

We consider an approximate solution for the one-dimensional semilinear singularly-perturbed boundary
value problem, using the previously obtained numerical values of the boundary value problem in the
mesh points and the representation of the exact solution using Green’s function. We present an e—uniform
convergence of such gained the approximate solutions, in the maximum norm of the order O (N ‘1) on the
observed domain. After that, the constructed approximate solution is repaired and we obtain a solution,
which also has e—uniform convergence, but now of order O(ln2 N /N2) on [0,1]. In the end a numerical
experiment is presented to confirm previously shown theoretical results.
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1. Introduction

We will consider the singularly—perturbed boundary value problem

Ezy” = f(x/ y)/ xel= [0/ 1]/ (1)
y(0) =0, y(1) =0, (2)
with the condition
J
f((;;y) = f,>m>0,V(x,y) € IXR, 3)
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where 0 < ¢ < 1 is a perturbation parameter, f is a nonlinear function f € C*(I x R), k > 2 and m is a real
constant.

The boundary value problem (1)—-(2), with the condition (3), has a unique solution, see [16]. Contributions
to numerical solutions of the problem (1)—(2) with different assumptions on the function f and similar
problems were obtained by many authors, see for example Flaherty and O'Malley [6], Cvetkovi¢ and
Herceg [2], Herceg [7, 8], Herceg, Surla and Rapaji¢ [9], Kopteva [11], Linfs and Vulanovi¢ [15], Niijima [17],
Stynes and O’Riordan [18], Vulanovié [19, 21, 22, 23] etc.

The method that will be used in this paper in order to obtain a discrete approximate solution, i.e. values
of the approximate solution in the mesh points, of the problem (1)-(3) was first developed by Boglaev [1],
who constructed a difference scheme and showed convergence of order 1 on the modified Bakhvalov mesh.
Using the method of [1], we constructed new difference schemes in [3, 4] and we carried out numerical
experiments.

In [5, 10] we constructed new difference schemes and we proved uniqueness of the numerical solution and
e—uniform convergence on the modified Shishkin mesh and at the end presented numerical experiments.
In this paper we will use the difference scheme from [10] in order to calculate values of the approximate
solution of the problem on the mesh points and then construct an approximate solution.

2. Theoretical background and known results

Let us set up an arbitrary mesh on [0, 1]
0:3(,‘0<X1<...<XN:1. (4)

A construction of a difference scheme, which will be used for calculation of the approximate solution of
the problem (1)-(3) in the mesh points, is based on the representation of the exact solution on the interval
[xi/xi+1]/ i= O/---/N -1

yi(x) = yiuf(x) + v +1ufl(x) + f | " Gi(x, 8)Y(s, y(s))dss, (5)

where G;(x, s) is the Green’s function

ul(0ui(s),  x <x<s < Xigy,

Gi(x,s) = 20,) (6)
¢ ui(uil(s), x <s<x <Xy,
P(s,y(s)) = f(s,y(5)) — yy(s), (7)
- inh(B(xjz1— inh(B(x—x;
and wi(s) = s, § € [, X ], () = ZRERE) )l ) = SR = g i, p= L,y = y(x) and

y is a constant for which y > f,, (details can be found in [10]). The difference scheme constructed in [10],
which we will use, has the following form

Adi+1 i

fi/ (8)

a; +d;_ ai+d; a1 +dip\— a1 tdip— Adi=

7 Vi |7t 5 i 5 Yinr = 7fi—1 + Y
where v, k € {i—1,i,i +1} are values of the approximate solution in the mesh points, Ad; = d; — a;,
d; = m, a; = smhlw and f; = f((x;i + xi41)/2,(y; + v;,1)/2), i = 1,...,N — 1. The difference scheme
generates a system of nonlinear equations and the solutions of this system are values of the approximate
solution in the mesh points. An answer to the question of existence and uniqueness will be given in the next
theorem, however before that, it is necessary to define the operator (or discrete problem) F : RN*! » RN+
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and a corresponding norm that is necessary in formulation of the theorem. Therefore, we will now use the
difference scheme (8) in order to obtain a discrete problem of the problem (1)—-(3). We have that

T
F7 = ((F9y, (FPy -, (FP)y) =0, )
where
(Py)() = 0/
._ 14 ai+di—  (ai+di  aiq +die |-
(Fy)l o Ad; + Adiq 2 i-1 ( 2 * 2 ) i
a; 1+d' 1— Ad;— Ad; 1= ;
T S =) fl], i=1,..,N-1
Fy)y = 0.
Here we use the maximum norm
llulle = max |u;, (10)
0<i<N

for any vector u = (ug, u, ..., un)T € RV*! and the corresponding matrix norm.
Theorem 2.1. [10] The discrete problem (9) for y > f,, has the unique solution
Y=o Yy Yo Yn_1, Yn) T, with I, = Yy = 0. Moreover, the following stability inequality holds

1
[l = vlleo < — |IFw — Fol|, (11)
m

N+1 N+1
RM*, RN*.

for any vectors v = (vp, vy, ... ,UN)T € w = (wy, w1, ... ,wN)T €

The mesh that will be used here is a modified Shishkin mesh from [13, 14], which has a greater
smoothness compared to the generating function. Before the construction of the mesh, we are stating a
theorem about the decomposition and estimates of the derivatives, which is necessary for the construction
and further analysis.

Theorem 2.2. [20] The solution y to the problem (1)—(3) can be represented in the following way
y=r+s, (12)
where fori =0,1,...,kand x € [0, 1] we have that

)| <c (13a)

[s000] < Ce7¥ eV 4 e V), (130)

Let N + 1 be the number of mesh points, g € (0,1/2) and ¢ > 0 be the mesh parameter. We will define the
transition point of the Shishkin mesh with

oe
A:=min{—InN,g;.
{M "}
Leto =2.

Remark 2.3. For the sake of simplicity in representation, we assume that A = 2¢(y/m)"! InN, as otherwise
the problem can be analysed in the classical way. We shall also assume that gN is an integer. This is easily
achieved by choosing g = 1/4 and N divisible by 4 for example.
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The mesh A : xp < x1 < ... < xy is generated by x; = ¢(i/N) with the mesh generating function

%t t€[0,q],
pt):=9 pt—q°+A telg1/2], (14)
1-p1-t) te[l/2,1],
where p is chosen so that p(1/2) = 1/2,i.e. p = %(1—%)(%—q)‘3.Note thato € Cl[O,l]With”gD’”m, <P"||oo <C.
Therefore the mesh sizes h; = x;41 —x;, i =0,1,..., N — 1 satisfy
hi< = and |hiy =l < < (15)
AN a i+1 il S N2’

see [14] for detalils.

Theorem 2.4. [10] The difference scheme (8) on the mesh generated by the function (14) is uniformly
convergent with respect to ¢ and
— In® N
v -3 < =
where y(x) is the solution of the problem (1)—(3), y is the corresponding numerical solution of (9), and C > 0
is a constant independent of N and ¢.

3. Main results

On the interval [x;, x;;1] using the representation (5), we look for an approximate solution in the following
form

_ Xi+1
7i(x) = Yl (x) + Y qui (x) + Y, f Gi(x,s)ds, i=0,...,N—1, (16)
where _
Y = (i + x41)/2, (¥; + Y3u1)/2), 1=0,1,... N -1 (17)
We obtain that it is
i __sinh(B(xi+1 — x))
j; Gi(x,s)ds = — > sinh(ghy) [cosh(B(x — x;)) — 1]

sinh(B(x — x/))
~ ysinh(phy)

We are looking for an approximate solution on [0, 1] in the form

[cosh(B(xijz1 —x))—1],i=0,...,N—-1. (18)

Y(x) ={ix),i=0,...,N-1 (19)

[xixiv1]

Using the maximum norm, we estimate the difference between the exact solution of the problem (1)—(3)
and approximate solutions given by (19). This difference will be estimated on each interval [x;, x;1], i =
0,...,N —1. Taking into account (5), (16) and (19), we have that

i) — 5| < [yi = 7| [l @)] + [yist = T | |1 0]

+

f%l G (yb(sf 1(s) —%)ds ,i=0,...,N-1. (20)

Remark 3.1. An estimate of the value of difference | y(x) = Y(x)|, Yx € [0,1], or estimate of the error will be
done for [0,1/2]. An analogue estimate would hold on [1/2,1].
Note that e ¥ V/e > g=(1=x)Vm/e anq hiz1 = h; for x € [0,1/2] and e™ Vmle ¢ g=(1=x)Vm/e and hiy1 < h; for

xe[1/2,1].
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Xi+1
Let us first estimate f Gi(x,s)ds for x € [0, A].
X,

i

Lemma 3.2. For x € [x;,x;+1], 1 =0,...,N/4 — 1, we have the following estimate

sinh(B(xis1 — X)) sinh(B(x — x;)) Cln*N
> sinh(Bl) [cosh(B(x — x;)) — 1] +W [cosh(B(xis1 — x)) = 1]| < N (21)
Proof.
inh(B(xjt1 — inh(B(x — x;
smy (si(:;1 (;hi) ) [cosh(B(x — x) 1] + % [cosh(B(xis1 — x)) — 1]
_ sinh(B(xia1 - x7)) — sinh(B(xis1 — x)) — sinh(B(x - x7))
- y sinh(Bh;)
i+ 5+ 01 (B%9) — Bl = x) = E— 0y (B (s = )
V4 [ﬁhl + l%h? + O (‘35}115)]
Blx —x;) + M + 03 (ﬁ5(x - xi)5)
[ﬁh + l Ly O (ﬁ5h5)]
A = x)( — xisa)(xi — xi)
y [ﬁhi + ﬁ +0, (ﬁShf)]
L 01 (F1) -0, (ﬁ5<x,~+1 - 2°) - 05 (B°(x — xi)°)
[ﬁh +—L+ 0 (,85115)] .
Furthermore, based on the value of parameter  and the properties of the mesh, we have that
1B (x = xi)(x = xi1)(x; — Xis1)
pr; 5
)4 [ﬁ]’lz +—=t O, (ﬂSI’li )]
Lo (B%12) = 0a (B°(xis1 — 2)°) = O3 (B(x — x:)°)
y [ﬁhi + ‘337’13 +0, (ﬁ5hf)]
N cpeN
<2 < . (22)
1 bN N2
Now, using (22), we obtain (21). m]
Lemma 3.3. For x € [x;,x;41], i = N/4,...,N/2 — 1, we have the following estimate
sinh(B(xi+1 — X)) [cosh(B(x — x;)) — 1] +s1)r;l:i+x(l;:)l)) [cosh(B(xit1 —x)) —1]| < C. (23)

y sinh(Bl;)
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Proof. In the proof of the Lemma 3.2, it is shown that

sinh(B(xi11 — X))

[cosh(B(x — x;)) — 1]

y sinh(ph;)
sinh(B(x — x;))
VST(WH) [cosh(B(xis1 — x)) — 1]
_ sinh(B(xir1 — x;)) — sinh(B(xi+1 — x)) — sinh(B(x — x;)) (24)
B y sinh(Bh;) ‘
We get that
sinh(B(xi+1 — x;)) — sinh(B(xi+1 — x)) — sinh(B(x — x;))
y sinh(Bh;)
1 sinh(B(xjy1 — x))| |sinh(B(x — x;))
<5 ( sinh(gh) sinh(gh) ) <G (2
O

Theorem 3.4. Let y be the exact solution of the problem (1)—(3), and Y be the appropriate approximate
solution given in (19). We have the following estimate

In’N
W, E [O, A],
max ly() - Y()| < C N XelA1-4] (26)
In’N
W, S [1 - /\, 1],

where the constant C does not depend on the perturbation parameter ¢ nor N.

Proof. We divide [0, 1] by the mesh points x;, i = 1,...,N — 1 into subintervals [x;, x;+1], i = 0,...,N. Since

Y(x) = #i(x) on [x;,xi11], we estimate the difference |y(x yi(x)| on each subinterval [x;, x;;1]. Based on
representations of the exact solution (5) and the approximate solution (16) on the interval [x;, x;4+1], we have
that the estimate (20) holds and

|yiC) = 70| < |y = i b x) + [yisn — Tipa| ) + (27)

[ e[ vn-7]as

Let us first estimate the difference 1(x, y(x)) — % on the interval [x;, x;41], i =0,...,N/4 — 1, which appears
in the integrand in (27). Using Lagrange’s theorem we obtain

e 5000 = B =| oo - (3532, ) <y [y - 211
_ af(é/ yz+1 af(é/ Xi + Xi+1
‘l( Jy )(() ) Ix (x_ 2 )
< CInN . 28)

N
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Letnowi=N/4+1,...,N/2 —1. We have that

90 y60) =9, = |, ) f(—&) y (v - 25E1)
_ af(é, 77) y(x ) — yz+1 af(é 1) ( X+ xi+1)
I\ 9y dx 2
C
<N, (29)

where & € (x, (x; + xi11)/2) or & € ((x; + xi+1)/2,x) in (28), and 1 € (y, (y; + yiy1)/2) or 1 € ((y; + Yir1)/2,y) in
(29).

Let us estimate another difference 1(x, y(x)) — Ji on the interval [N/4, N/4 + 1]. Since €2y (x) = f(x, y(x)),
we get the estimate

C
I\?.

ey - £ (222, ) < [,y + | (2232, 2 ) < @0

Now, from | y(x;) — ]71| < ClJi‘;N ,1=0,...,N,and decomposition and estimates from Theorem 2.2, we get the
following estimate

% 1 y(x) + y(xiz1)|  C1In® N
y(x) - - 5 5
_s(xi) + s(xiv1) () +r(xip)|  Ciln’N
S 2 e 2 TN

Cy Xi + Xiy1 C lnz N C
gt |(x_ 2 )+ N SN
where p € (x, (x; +xi41)/2) or p € ((x; + xi+1)/2, x). Now from (18), Lemma 3.2, Lemma 3.3, and the estimates
(28), (29), (30) and (31) the assertion of the theorem follows.

(31)

O

According the proof of the previous theorem it is shown that the difference between the exact and approxi-
mate solution |y(x) — Y(x)| on [0, A] is of the order O (ln2 N /NZ) , while on [A, 1 — A] that order of the error is
O(1/N). Based on the Theorem 2.4, the difference between the exact and the approximate solution on the
mesh points is of order O (ln2 N/N 2) . In order to get the approximate solution with a satisfactory value of
the error, we must conduct the correction of the approximate solutions given in (16). Namely, since this
constructed approximate solution performs well at the layer, which is the most problematic part of the
analysis, we will take on this part the approximate solution which was given in (16). In the remaining part
of the observed domain, i.e. for x € [A,1 — A] we will use a piecewise linear function.

Therefore, for x € [0,A]U[1 — A, 1], we use

Xi+1
700 =T + T + [ G99 Dt )
while for x € [A,1 — A], we use the following interpolation polynomial
51\1/4(35) x € [xXny4, XNya+1],
ﬁ(X) = ]_91'(X) X € [xi/ xi+l]/ (33)

;_93N/4_1(x) X € [X3N/4-1, X3N/4),
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where
y1+1

(x xXi)+y;  x€[x;, x4l

_ Xi+1 — Xi

pix) = (34)
0 x & [x;, xis1]

and y;,, i = N/4,...,3N/4 — 1 are the already calculated values of the approximate solutions in the mesh
points. Now, the approximate solution to the problem (1)—(3), has the following form

]?i(x) X e [0/ /\]r
Y(x)={ p(x) xe[A1-A] (35)

7ilx) xe[l-A,1].

Remark 3.5. In the following theorem, the estimate of the error will be calculated only for x € [A,1/2], i.e.
for the value of the indexes i = N/4, ..., N/2. We use the same assumptions as previously listed in Remark
3.1.

Theorem 3.6. The following estimate of the error between the exact and approximate solution (1)-(3) holds:

Cln N

max ' y(x) — Y(x)|

36
x€[0,1] ( )

Proof. The case of x € [0, A] has already been proved in the Theorem 3.4.

Let us show now (36) on [A,1/2]. Let us denote by p a polynomial which is defined in the same way as
the polynomial p in (33)—(34). The polynomial p will pass through the points with coordinates (x;, y;) and
(xi+1, Yi+1), (i and y;4q are values of the exact solution in the mesh points, i.e. y; = y(x;), yiz1 = y(xis1)). We
have that

|y(0) = B()| = |y(x) = p(x) + p(x) = ()| < [y() = pO| + |p(x) = )| (37)
On every interval [x;, xi11], i = N/4,...,N/2, we get that
) ) =Yy gy - DNy,
Xi+1 — Xi Xit+1 — Xi
]/il_]/i _(]/i_]/j) _
=2 ol (x—x) = (i = V), (38)
Xit1 — Xj
therefore in view of the Theorem 2.4 we obtain the estimate
_ CIn®N |
Ip() - (x)| < % i=N/4,... NJ2. (39)

In the part of the mesh wheni = N/4+1,...,N/2, on basis of [12, Example 8.12], (13a), (13b) and (15), we
obtain

W—muﬂ< x |y’ (m)] < (40)

]G[ x+1]

For i = N/4, according to the decomposition (12) from Theorem 2.2, we obtain

Y= pi) =y = Tl (= x) + (41)
) 4 r— )+ (42)
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For the layer component, on the basis of the estimate (13b) we obtain

Si+1 — Si
Xi+1 — Xi

(x = x;) +5i| < |s| + [siz1 = sil + Isil

_ X 1-x;
€O N ()

+ 2(6_%W+e_1ji W)] << w
N2

For the regular component we apply again the estimate from [12, Example 8.12], and on the basis of (13a)
we get that

Yig1 — ¥ hz ’ C
- L-x) | < — <. 44
’r Xip1 — X (=) +1; 8 ner[?fi:il] |y N? “
Now, from (39), (40), (43) and (44), and the part of the proof of Theorem 3.4, which is related to x € [0, A],
we obtain (36). O

4. Numerical Experiments

In this section the theoretical results of the previous section will be checked on the following example
2y’ =y +(1-2%)72-8¢% x€(0,1), y(0) =0, y(1) = 0. (45)
The exact solution of the test example (45) is

e—x/e + e—(l—x)/e

ST +4x(1 —x) - 1. (46)

yx) =
First we will calculate a discrete approximate solution, i.e. the value of approximate solutions in the mesh
points, using the difference scheme (8) and then based on those results we will construct approximate
solutions (16) and (35). Plots of exact and approximate solutions (16) and (35) are represented by Figure 1
and Figure 2, while the values of errors are presented in na Figure 3.
The system of equations is solved by Newton’s method with initial guess 1o = —0.5. The value of the
constant y = 1 has been chosen so that the condition y > f,(x,y), ¥Y(x,y) € [0,1] X R is satisfied. Because
of the fact that we know the exact solution, we define the computed error Ey and the computed rate of
convergence Ord in the usual way

) Ord = lnEN—lnEzN,

— . __N .
Ey = gggﬁy(xz) v (%)

where N = 25, k =5,6,...,11, yN(xi) is the numerical solution on a mesh with N subintervals. Values Ey
and Ord are represented in the following table.

The explanations about the figures. In Figure (1a), (1c) and (le), the plots of the exact solution of the
problem (1)—(3) and the approximate solutions (16) are presented, for the values of the parameters N = 32
and ¢ = 274,276, 2710 regpectively, while in figures (1b), (1d) and (1f) graphics of exact and numerical
solution (16) were given for the values of the parameters N = 64, 128, 256 and ¢ = 210, respectively. In
figure (1a), (1c) and (le) one can notice an increase of the error value, or differences in the graphs between
the exact and numerical solutions, while in Figure (1a) it is very difficult to distinguish between the exact
and numerical solutions (16), in Figure (1le) the deviation between the numerical and exact solution can be
seen. From the presented graphs it is evident that there is a decrease of the error value due to an increase
in the number of points N.
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N E, Ord E, Ord E, Ord
25 | 49836e —03 2.01 | 1.8622¢ —02 295 | 1.9923¢—-02 2.55
20 | 1.7834e —03 1.98 | 4.1194e — 03 2.01 | 5.4155¢—-03 2.00
27 | 6.1200e —04 2.00 | 1.3925¢—03 2.00 | 1.8429¢—-03 2.00
28 1 1.9982¢ —04 2.00 | 45548¢—04 2.00 | 6.0172¢ —04 2.00
2° | 6.3269¢ —05 2.00 | 1.4417¢—04 2.00 | 1.9039¢ —04 2.00
210 1 19527¢—05 2.00 | 4.4492¢—05 2.00 | 5.8762e —05 2.00

211 | 5.9069 — 06 - 1.3460e — 05 - 1.7776e — 05 —
I3 24 26 2-10
N E, Ord E, Ord E, Ord

25 19969 —02 243 | 1.9957¢—02 2.41 | 1.9957¢—02 2.41
26 | 5.7712¢ — 03 2.02 | 5.8271e—03 2.02 | 5.8271e—03 2.02
27 | 1.9427¢—03 2.00 | 1.9616e—03 2.00 | 1.9616¢—03 2.00
28 | 6.4337¢—04 200 | 6.4051e—04 2.00 | 6.4051e—04 2.00
2% | 2.0072¢ —04 2.00 | 2.0266e —04 2.00 | 2.0266¢ — 04 2.00
210 1 6.1950¢ — 05 2.00 | 6.2550e — 05 2.00 | 6.2550e —05 2.00
21 | 1.8740e — 05 - 1.8921e - 05 - 1.8921e - 05 -

P 2—12 2—20 2—30

Table 1: Errors Ex and convergence rates Ord for approximate solutions.

In Figures (2a), (2c) and (2e) the plots of the exact (1)-(3) and approximate solution (35) are given. For
the calculation of the approximate solutions we used N = 32 points, while the value of the perturbation
parameter was ¢ = 274, 276, 2710 regpectively. From the presented graphics it can be seen a decrease of
perturbation parameter ¢, with a constant value of the number of points N a value of the error is slightly
increasing. However, this increase is smaller than in the case of use of approximate solutions (16). In the
Figure (2b), (2d) and (2f) there are graphs of the correct solution of the problems (1)-(3) and approximate
solutions. Graphs on all three figures are obtained for a fixed value of parameter ¢, while approximate
solution is obtained by using N = 64, 128, 256 number of points, respectively.

In Figures (3a), (3c) and (3e) the plots of the error of the approximate solutions (16) are represented, while in
Figures (3b), (3d) and (3f) are graphs of the error of the approximate solution (35). Side by side are graphs
of the errors of the approximate solution, to the left is (16), while on the right are approximate solution (35)
for the same values of the parameter ¢ and N. From the graph we can see that values of the error agree

with the theoretical results. In the graph, on the right side is a value of the error from the order O (N ‘1) ,

while on the graphs from the right side is a value of the error from the order O (N 2mn’N ) , and therefore
in this way we have a confirmation of the theoretical results.

5. Conclusion

In this paper we performed a construction of approximate solutions for singularly—perturbed boundary
value problem (1)-(3). First, we calculated a discrete approximate solution, i.e. the value of approximate
solution in points of the mesh, and then we constructed an approximate solution by using a representation
of the exact solution via Green’s functions. Order of the value of the error is O(N ‘1) in the maximum
norm. The basis functions are exponential. From Theorem 3.4 we can see that the value of errors in this
way constructed approximate solution is in the part of the domain where lies boundary layer of order
o (ln2 N /NZ) , while out of the layer are of order O (1/N). In order to gain the approximate solution with
the smallest error, basis function of the exponential type of the outer boundary layer is replaced with linear

functions. Error in this case is in the order O (ln2 N/N 2) , also in the maximum norm.
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