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General relativity (GR)

Spacetime considered a connected real 4–manifold, equipped with
a (Lorentzian) metric g (pseudo-Riemannian).

Einstein-Hilbert action

c4

16πG

∫
R.

Einstein’s equations

Ricµν −
1

2
gµνR︸ ︷︷ ︸

GEOMETRY

=
8πG

c4
Tµν︸ ︷︷ ︸

MATTER

.

Link between spacetime and matter which bends it.
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Consequences and tests of Einstein’s GR

I Precession of the perihelion of Mercury;

I Deflection of light near the sun;

I Gravitational redshift;

I Temporal delay of radar;

I Global Positioning System (GPS);

I Black holes;

I Expansion of universe;

I Singularities;

I gravitational waves.
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Mechanical waves

I Rock thrown in water - transverse waves;

I Vibrations of vocal chords - longitudinal waves;

I Tsunami inducing earthquakes - surface waves.

Need material environment to propagate.

Particle position u(~r, t) at given time t satisfies homogenous wave
equation (

∂

∂x2
+

∂

∂y2
+

∂

∂z2
− 1

v2
∂

∂t2

)
u(~r, t) = 0.
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Electromagnetic waves

Equations of an electromagnetic field.

James Clark Maxwell 1861-62

Gauss’ Law of electricity:

∮
closed
surface

~E · d ~A =
Qenc
ε0

Gauss’ Law of magnetism:

∮
closed
surface

~B · d ~A = 0

Faraday’s Law:

∮
~E · d~s = −dφB

dt

Ampere-Maxwell Law:

∮
~B · d~s = µ0ε0

dφE
dt

+ µ0ienc
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Gravitational waves in GR

Mathematical proof of existence of gravitational waves in GR.

Take the following metric, far from the field source:

gµν = g(0)µν + hµν ,

where h is a small perturbation (wave) and g(0) is the metric of
specetime where we observe the wave.

Einstein’s equations become:(
∂

∂x2
+

∂

∂y2
+

∂

∂z2
− 1

c

∂

∂t2

)
hµν = 0.

If GR real theory, gravitational waves must exist.
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What is oscillating?

Mechanical wave - transfer of oscillations through material medium.

EM wave - transfer of electric and magnetic field of an accelerated
charged particle.

Gravitational waves - the metric itself is oscillating! Distance
between two infitesimal points in spacetime with metric g is

ds2 = gµνdx
µdxν .

If we take square root of RHS and integrate between points, we
get arc length - distance between points in curved spacetime.

Metric oscillation means oscillation of distance between points.
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Extending GR

Developments in physics evoke possibility that treatment of space-
time might involve more than the Lorentzian spacetime of GR:

I Failure to quantize gravity;

I Generalisation of the 3D theory of elastic continua with
microstructure to 4D spacetime of gravity;

I Description of hadron (or nuclear) matter in terms of
extended structures;

I Study of early universe;

I Accelerating universe...

Smallest departure from Lorentzian spacetime of GR:

I admit torsion - Riemann–Cartan spacetime;

I admit possible nonmetricity - metric–affine spacetime.
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Metric–affine gravity (MAG)

Spacetime a connected real 4–manifoldM equipped with Lorentzian
metric g and affine connection Γ, i.e.

∇µuλ = ∂µu
λ + Γλµνu

ν .

Independent linear connection Γ distinguishes MAG from GR
from start.

Metric g and connection Γ viewed completely independently.

Unknowns of MAG : 10 independent metric components gµν and
64 connection Γλµν coefficients.
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Quadratic metric-affine gravity (QMAG)

Action

S :=

∫
q(R)

q(R) is O(1, 3) invariant quadratic form on curvature R
16 R2 terms and 16 coupling constants.

Action conformally invariant, unlike Einstein-Hilbert.

Why quadratic forms?

Yang-Mills action

q(R) := RκλµνR
λ µν
κ .
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Field equations of QMAG

We vary action wrt g and Γ independently.

Euler-Lagrange system of equations

∂S

∂g
= 0, (1)

∂S

∂Γ
= 0. (2)

10+64 nonlinear PDEs with 10+64 unknowns.
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Generalising pp-waves

Classical pp-waves with parallel Ricci: Riemannian solution of
QMAG.

Generalisation: connection not necessarily Levi-Civita.

We still use pp-metric but introduce explicitly given torsion.

I Pasic and Vassiliev:
generalised pp-waves with purely TENSOR torsion;

I Barakovic and Pasic:
generalised pp-waves with purely AXIAL torsion.

New solutions of QMAG?

Axia Torsion Waves Vedad Pašić, University of Tuzla, Bosnia and Herzegovina
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Solutions of QMAG

Theorem

Generalised pp-waves with tensor torsion of parallel Ricci curva-
ture are solutions of (1) i (2).

Very simple explicit description.

Result published in “PP-waves with torsion and metric affine
gravity”, V. Pasic, D. Vassiliev, Class. Quantum Grav. 22 3961-
3975.
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pp-waves with purely axial torsion

Definition

A generalised pp-wave with purely axial torsion is a metric com-
patible spacetime with pp-metric and torsion

T := ∗A

where A is a real vector field defined by A = k(ϕ) l, where
k : R 7→ R is an arbitrary real function of the phase ϕ.

Axia Torsion Waves Vedad Pašić, University of Tuzla, Bosnia and Herzegovina
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pp-waves with purely axial torsion

Curvature

R =− 1

2
(l ∧ {∇})⊗ (l ∧ {∇})f +

1

4
(k(x3))2 Re ( (l ∧m)⊗ (l ∧m))

∓ 1

2
k′(x3) Im ( (l ∧m)⊗ (l ∧m))

Torsion

T = ∓ i
2
k l ∧m ∧m.

Ricci curvature is Ric =
1

2
(f11 + f22 − k2)l ⊗ l.
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pp-waves with purely axial torsion

I Torsion of a generalised pp-wave is purely axial.

I Connection is metric compatible.

I Curvatures generated by the Levi-Civita connection and
torsion simply add up to produce the formula for curvature.

I Weyl piece of torsion generated curvature is zero.

I Torsion also generates Ricci curvature.

I Curvature has three irreducible pieces.

I Scalar and pseudoscalar curvatures are zero.

I Ricci curvature is parallel if f11 + f22 = (k(x3))2 + C.

I Ricci curvature is zero if f11 + f22 = (k(x3))2.

Axia Torsion Waves Vedad Pašić, University of Tuzla, Bosnia and Herzegovina
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The first result-published

Theorem

Generalised pp-waves with purely axial torsion of parallel {Ric}
are solutions of (1), (2) for the Yang-Mills action.

Pasic V., Barakovic E. : Torsion wave solutions in Yang–Mielke
theory of gravity. Advances in High Energy Physics, Article ID
239076:7, (2015).

Axia Torsion Waves Vedad Pašić, University of Tuzla, Bosnia and Herzegovina
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The second result-to be published

Theorem

Generalised pp-waves with purely axial torsion of parallel Ricci
curvature are solutions of (1), (2) for the quadratic form with 11
R2 terms.

Proof by “brute force”! Assumptions:

I Our spacetime is metric compatible.

I Torsion is purely axial.

I Ricci curvature is symmetric.

I Scalar curvature R and pseudoscalar curvature R∗ are zero.
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Generalised pp-waves with purely axial torsion of parallel Ricci
curvature are solutions of (1), (2) for the quadratic form with 11
R2 terms.

Proof by “brute force”! Assumptions:

I Our spacetime is metric compatible.

I Torsion is purely axial.

I Ricci curvature is symmetric.

I Scalar curvature R and pseudoscalar curvature R∗ are zero.
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The second result

Explicit representation of the field equations:

0 = 2d1W
κβανRicκν + d2ε

ηναβRicκνRic∗
κ
η − d3ε

κλξαWκλµ
βRic∗

µ
ξ,

0 = d1

{
∇λRicκµ −∇κRicλµ + TµηλRicκ

η + TµκηRicλ
η
}

− d4

{
(gκµWξζ

λη − gλµWξζ
κη)T

η
ξζ + (gκµε

ϑζ
ηλ − gλµεϑζηκ)T ηξζRic∗ξϑ

}
+ c5

{
εηξκµ∇ξRic∗λη − εηξλµ∇ξRic∗κη + 1

2
(εκ

ηξζRic∗λη − εληξζRic∗κη)Tµζξ
}

− c3
{
2T ηλξWξ

µκη + 2T ηξκWξ
µλη + TµξηWκλ

ηξ + εϑµηλT
η
ξκRic∗

ξ
ϑ

− εϑµκηT ηξλRic∗ξϑ − εϑξηκT ηξλRic∗µϑ + εϑξηλT
η
ξκRic∗µϑ

+ εϑµλκ∇ξRic∗ξϑ − εϑξλκ∇ξRic∗µϑ
}
.
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Physical interpretation

Conjecture

Generalised pp-waves of parallel Ricci curvature represent a
metric-affine model for the massless neutrino.

I Elvis Barakovic, Vedad Pasic: “Physical Interpretation of
PP-waves with Axial Torsion”, 14th Marcel Grossmann
Meeting on General Relativity, Rome. Proceedings, World
Scientific, 2017.

I Vedad Pasic, Elvis Barakovic: “Axial Torsion Waves in
Metric-affine Gravity”, 14th Marcel Grossmann Meeting on
General Relativity, Rome. Proceedings, World Scientific,
2017.
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Purely axial torsion waves

Minkowski space M4 is a real 4-manifold with global coordinate
system (x0, x1, x2, x3) and metric gαβ = diag(+1,−1,−1,−1).

Specify the manifold and the metric, but the connection Γ we
introduce separately and explicitly.

The external field (perturbation) is introduced into the model as
a classical real differential geometric connection with torsion

T = ∗A, (3)

where A is vector potential of the external electromagnetic field
(given real valued vector function).
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Connection - explicit

We equip our Minkowski 4-space with a non-trivial connection.
We take the connection coefficients to be

Γλµν =
1

2
Aκε

κλ
µν , (4)

Lemma

The connection (4) is metric compatible with torsion (3).

No matter what the torsion is, as long as it is purely axial, we
have metric compatibility!
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Irreducible pieces of curvature

The Riemann tensor in general has only one antisymmetry, namely

Rκλµν = −Rκλνµ. (5)

We denote by R the 96-dimensional vector space of real rank 4
tensors which satisfy the condition (5) and we have the natural
inner product on R given by

(R,Q) := RκλµνQ
λ
κ
µν . (6)

We have an orthogonal decomposition R = R+ ⊕R−, where

R± = {R ∈ R|Rκλµν = ±Rµνκλ}.

Respective dimensions of these subspaces are 60 and 36. We are
only interested in the subspace R− as this is the vector space of
curvatures generated by metric compatible connections.
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Metric compatible irreducible decomposition

R(1) =
1

2
(gκµRicλν − gλµRicκν − gκνRicλµ + gλνRicκµ)

R(2) =
1

12
(gκµgλν − gλµgκν)R

R(3) = R−R(1) −R(2) −R(4)

R(4) = − 1

24

√
|det g|εκλµνR̆

R(5) = R̂−R(6)

R(6) =
1

2
(gκµR̂icλν − gλµR̂icκν − gκνR̂icλµ + gλνR̂icκµ,
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where

Rκλµν =
1

4
(Rκλµν −Rλκµν +Rµνκλ −Rνµκλ)

R̂κλµν =
1

4
(Rκλµν −Rλκµν −Rµνκλ +Rνµκλ)

Ricλν = R
κ
λκν , R = Ric

λ
λ = Rκλκλ,

Ricλν = Ricλν −
1

4
gλνR, R̂ic = R̂κλκν ,

R̆ =
√
| det g|εκλµν , Rκλµν =

√
| det g|εκλµνRκλµν .
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Irreducible pieces of curvature - axial

Theorem

The irreducible pieces of curvature generated by a purely axial
torsion wave in Minkowski space are given by

R(1)
κλµν =

1

2
gκ[νAµ]Aλ −

1

2
gλ[νAµ]Aκ −

1

4
gκ[νgµ]λAηA

η

R(2)
κλµν = −1

4
gκ[νgµ]λAηA

η

R(3) = 0

R(4)
κλµν = −1

4
εκλµν∂ηA

η

R(5)
κλµν =

1

2
εηλµν∂(κAη) −

1

2
εηκµν∂(λAη) −

1

4
εκλµν∂ηA

η

R(6)
κλµν =

1

2
gκ[ν(∗dA)µ]λ −

1

2
gλ[ν(∗dA)µ]κ
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Discussion

Only five non-zero curvature pieces.

Generalised Weyl curvature, i.e. the irreducible piece of curva-
ture defined by the conditions

Rκλµν = Rµνκλ, ε
κλµνRκλµν = 0, Ric = 0,

is always identically equal to zero.

Clear applications to solutions of quadratic metric-affine gravity,
i.e. pp-spaces. This construction yields a class of Weitzenböck
spaces (R = 0, T 6= 0).

Curvature also described using another formalism, but given com-
pletely explicitly.
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Thank You and welcome to Tuzla!

Axia Torsion Waves Vedad Pašić, University of Tuzla, Bosnia and Herzegovina
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